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Abstract – We study the sensitivities of the centroid energy E0 of the isoscalar giant-monopole
resonance and the centroid energy E1 of the isoscalar giant-dipole resonance to the eﬀect of
relaxation. We ﬁnd that the energy ratio E1/E0 grows with the relaxation time approaching the
experimental value (E1/E0)exp = 1.6± 0.1.
open  access Copyright c© EPLA, 2010
Experimental data for the isoscalar giant-monopole
resonances (ISGMR) and the isoscalar giant-dipole reso-
nances (ISGDR) indicates that the centroid energies E1 of
the ISGDR are signiﬁcantly smaller than those obtained
by the self-consistent Hartree-Fock(HF)–based random
phase approximation (RPA) calculations with eﬀective
interactions, which reproduce the experimental values of
centroid energies E0 of the ISGMR. The experimental
value (E1/E0)exp = 1.6± 0.1 [1–5] exceeds the prediction
of the liquid-drop (hydrodynamic) model [3–5] and
lies below the theoretical results for the ratio E1/E0
obtained in both the RPA and the scaling-like calcula-
tions [6–11]. From a macroscopic (ﬂuid dynamic) point
of view, the ISGDR is caused by a compression and
dilatation of the nucleus along some preferential direction
with an unchanged nuclear volume. In contrast to the
monopole (breathing) mode, the lowest isoscalar dipole
excitation corresponds to a spurious center-of-mass
motion and the ISGDR appears as an overtone. It is well
known that the isoscalar compression modes correspond
to zero sound excitations having the sound velocity
c0 ≈ vF ≈
√
3 c1, where vF is the Fermi velocity and c1 is
the ﬁrst sound velocity. This strong renormalization of
the sound velocity by factor ≈√3 arises due to the Fermi
surface distortion eﬀect (FSDE).
However, the enhancement in the energy of the ISGMR,
the lowest breathing mode, is strongly suppressed by the
eﬀects of the Fermi surface distortion on the boundary
condition, resulting in a value for the energy of the ISGMR
(a)E-mail: shlomo@comp.tamu.edu
which is close to that of the liquid-drop model (LDM),
i.e., ﬁrst sound regime prediction. This is not the case
for higher breathing modes such as the overtone, see
refs. [11,12]. Since the ISGDR appears as the overtone to
the spurious mode, one can expect that the energy of the
ISGDR should be shifted to higher energies with respect to
the LDM prediction because the Fermi surface distortion
eﬀect is not compensated for by the boundary conditions.
On the other hand, the FSDE depends signiﬁcantly on
inter-particle collisions and disappears in the limit of
short relaxation time (hydrodynamic limit). Thus, one can
expect that the ratio E1/E0 will decrease and approach
the experimental value if the collisional damping is taken
into account.
We aim in this work to study the eﬀect of collisional
damping on the isoscalar compression modes, and ﬁnd
that one can achieve an agreement with the experimental
data for the ratio E1/E0 and for the widths of ISGMR
and ISGDR in the case of a short relaxation time.
We will use the semi-classical kinetic approach in
(r,p) phase space (ﬂuid dynamic approach (FDA)). This
approach, in contrast to the quantum HF-based RPA,
ignores the single-particle (shell) eﬀects. However, the
advantage is that the kinetic theory allows one to take
into consideration the relaxation (damping) processes in
a transparent way due to the collisional integral [13].
In general, the isoscalar particle density variation δρ
with respect to the equilibrium bulk density ρ0 is given by
δρ(r, t) =
∫
gdp
(2π)3
δf(r,p; t). (1)
20006-p1
D. C. Fuls et al.
Here, g= 4 is the spin-isospin degeneracy factor and
δf(r,p; t)≡ δf is the isoscalar deviation of the distribu-
tion function f(r,p; t) from the equilibrium one feq(r,p).
A small variation of the distribution function δf in
eq. (1) can be evaluated using the linearized kinetic
equation. In the nuclear volume, where inhomogeneity of
the particle density is small, the quasi-particle concept of
the Landau Fermi-liquid theory [14] can be justiﬁed. To
evaluate δf we will apply the linearized Landau-Vlasov
equation, augmented by a source term δSt[f ] for relaxation
processes, in the form [13,15,16]
∂
∂t
δf +v ·∇rδf −∇r(δUself +Uext) ·∇pfeq = δSt[f ], (2)
where v= p/m∗ is the quasi-particle velocity and m∗ is
the eﬀective mass of the nucleon.
We point out that the left-hand side of the kinetic
equation (2) can be derived by the Wigner transformation
from the linearized time-dependent Hartree-Fock equation
in the presence of the external ﬁeld Uext [17]. The variation
of the self-consistent mean ﬁeld δUself in eq. (2) is then
given by the Wigner transformation of the corresponding
mean ﬁeld. The self-consistent mean ﬁeld δUself is related
to the Skyrme or Landau eﬀective interaction. Within
the Landau Fermi-liquid theory the quantity δUself can
be derived in terms of Landau’s interaction amplitude
vint(p,p
′), see refs. [13,15,18]. We will also assume that
the external ﬁeld Uext(t) is periodic in time:
Uext(t) = λ0e
−iωtqˆ+λ∗0e
iωtqˆ∗, (3)
where λ0 is the small amplitude and qˆ is the one-body
operator.
The right-hand side of eq. (2) represents the change of
the distribution function due to relaxation. In this work
we use the approximation of independent dissipation rates.
Namely, for small amplitude eigenvibrations and small
deviations of the momentum distribution from the Fermi
sphere we assume
δSt[f ] =− δf
τeﬀ
, (4)
where
1
τeﬀ
=
1
τ2
+
1
τ1
+
1
τ↑
. (5)
Here, the term 1/τ2 is due to the two-body collisions on the
distorted Fermi surface, 1/τ1 determines the change in the
distribution function resulting from one-body relaxation
on the moving nuclear surface and 1/τ↑ takes into account
the possibility of particle emission.
The collisional relaxation time τ2 is frequency depen-
dent. The frequency dependence of τ2 is caused by the
memory (non-Markovian) eﬀect in the collision integral.
It can be shown, see chapt. 8 of ref. [14], that the presence
of a fast collective eigenmode changes the energy conser-
vation factor in the collision integral δSt[f ] and leads to a
frequency dependence of the collisional relaxation time τ2.
Following Landau’s prescription [14] at zero temperature,
we will assume
τ2 =
β
(ωR/2π)2
, (6)
where ωR is the real part of the eigenfrequency of sound
mode. The coeﬃcient β depends on the NN scattering
cross-sections. We will use the value of β = 4.6MeV which
corresponds to the isotropic energy-independent NN
cross-sections σpp = σnn = 25mb and σpn = σnp = 50mb,
see refs. [19,20].
We now comment on the one-body relaxation and the
possibility of treatment of this as a source term in the
kinetic equation. The origin of this relaxation is related to
the fragmentation width of the collective states in quan-
tum calculations like the RPA. In the quantum RPA calcu-
lations, the fragmentation width does not reﬂect motion
of the system towards thermal equilibrium but indicates
rather a redistribution of the particle-hole excitations in
the vicinity of the collective state. In our kinetic approach,
we will imitate the fragmentation width by the one-body
relaxation on the moving nuclear surface [21]. Note also
that it was shown in refs. [21–23] that, in the classical
limit for the random phase approximation, the fragmen-
tation width coincides with the width obtained from
the one-body relaxation mechanism. We use one-body
relaxation as an additional source term in the kinetic
equation with the relaxation time (see refs. [19,21,24])
τ1 =
2R0
v
ξ, (7)
where R0 is a nuclear radius, v= 3vF /4 and ξ is a free
numerical factor which depends on the excitation mode.
For heavy nuclei, the value of the emission width Γ↑ ∼
1/τ↑ is quite small [25,26] and we neglect the contribution
of the particle emission to the total relaxation time τeﬀ
(see also the comment after ﬁg. 3).
The kinetic equation (2) can be reduced to local
equations of motion in r-space. Evaluating the p-moments
to the kinetic equation (2), one can reduce the kinetic
equation to the equation for the particle density eigen-
vibrations, δρvol, in the nuclear interior [16]. Assuming
Uext = 0, one obtains
∂2
∂t2
δρvol− c20∇2δρvol− γ∇2
∂
∂t
δρvol = 0 , (8)
where c0 is the zero sound velocity and γ is the friction
coeﬃcient:
c20 =
1
9m
(K +12µF /ρ0), γ =
4ηF
3ρ0m
. (9)
Here K is the nuclear matter incompressibility and both
kinetic coeﬃcients, µF and ηF , depend on an unknown
eigenfrequency ω of the isoscalar sound mode (see ref. [16]
for details),
µF =
3
2
ρ0 s
2 F
[
1− 1
3s2
(1+F0)
]
,
ηF =
3ρ0 s
2 F
2ω2Rτeﬀ
[
1− 1
3s2
(1+F0)
]
,
(10)
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where F is the Fermi energy, F0 is the Landau interaction
parameter [14], s= ωR/vF q, vF is the Fermi velocity and
q is the wave number for the longitudinal sound wave.
In general, the dimensionless sound velocity s is obtained
as a solution to the Landau’s dispersion equation [14]
and depends on the multipolarity l of the Fermi surface
distortion. Note that the zero sound velocity c0 depends
on the relaxation time because of eq. (10). In the frequent-
collision limit, the Fermi distortion eﬀect disappears and
one has c0→ c1, where c1 =
√
K/9m is the ﬁrst sound
velocity.
For the compression modes, the full variation of the
particle density δρ(r, t) also includes the contribution
from the variation of the nuclear radius R(t) =R0[1+
αs(t)YL0(rˆ)]. For a given multipolarity L, the particle
density variation δρL(r, t) reads
δρL(r, t) = αL
[
θ(R0− r)jL(qr)+ 1− aδL1
q
δ(R0− r)
× j′L(qR0)
]
ρ0YL0(rˆ) exp(iq · r− iωt), (11)
where R0 is the equilibrium nuclear radius and the
parameter a is determined by the translation invariance
condition in the case of the isoscalar dipole compression
mode and is given by [27]
a= j1(x)/xj
′
1(x), x= qR0. (12)
We point out that expression (11) indicates that the
nuclear surface is shifted in time for L= 0 as well as for
L= 1 since a = 1. Due to this fact the one-body relaxation
on the moving nuclear surface and the corresponding
fragmentation width occur in both above-mentioned cases,
see below. Note also that the one-body relaxation for the
compression modes is possible due to the diﬀuse reﬂections
of nucleons on the free nuclear surface, see refs. [24,28].
Expression (11) is a solution to the homogeneous equa-
tion (8) if the following dispersion equation is satisﬁed:
ω2− c20q2+ iωγq2 = 0. (13)
Assuming ω= ωR+ iωI , where ωR and ωI are real, one
has
ω2R = c
2
0q
2− 1
4
γ2q4, ωI =−1
2
γq2. (14)
The amplitude αs(t) is related to the motion in the
nuclear interior because of the boundary conditions. The
macroscopic boundary conditions for the consistent solu-
tions of both the continuity and the Euler equations, taken
at the moving nuclear surface, are given by [29]
vr|r=R0 =R0α˙sYL0(rˆ) , (15)
δP (µ)rr
∣∣∣
r=R0
= αsPs YL0(rˆ)(1− δL1), (16)
where Ps = 2σ/R0 is the capillary pressure and σ is
the nuclear surface tension coeﬃcient. On the l.h.s. of
eqs. (15) and (16) one has the radial components of the
velocity ﬁeld, vr, and the pressure tensor, δP
(µ)
rr , which are
determined in the nuclear volume.
The isoscalar compression dipole excitation occurs at
Ps = 0, and eq. (16) gives the following secular equation
for q:[
1
9
(
K − 6µF
ρ0
)
j1(qr)− 2µF
ρ0
j′′1 (qr)
]
r=R0
= 0, for L= 1.
(17)
In the case of the isoscalar monopole excitation, the
additional contribution from the surface pressure Ps in
eq. (16) has to be taken into account and the correspond-
ing secular equation reads (see ref. [11])
[qr j0(qr)−(fσ+ fµ) j1(qr)]r=R0= 0, for L= 0, (18)
where
fσ =
2σ
mc20ρ0R0
, fµ =
4µF
mc20ρ0
. (19)
Here fσ appears due to the surface tension contribution
to the boundary condition (16) with the surface tension
coeﬃcient σ.
In the microscopic approach, the properties of giant
resonances are calculated within the fully self-consistent
HF-based RPA. In the Green’s function method [30] one
evaluates the RPA Green’s function,
G=G0(1+VphG0)
−1, (20)
where Vph is the particle-hole (p-h) interaction and G0 is
the free p-h Green’s function.
For isoscalar electric modes the transition operator has
the form
FˆL =
∑
fˆ(i), fˆ = f(r)YL0(i). (21)
Here L= (0, 1, 2, . . .) is the angular momentum transferred
to the ground state in the excitation. The strength
function S(E) associated with the scattering operator Fˆ
is given by
S(E) =
∑
n
|〈0|Fˆ |n〉|2δ(En−E0−E) =
1
π
Im[Tr(fˆGfˆ)], (22)
where the sum is over the excited states |n〉 with eigen-
energies En of the nucleus. For the isoscalar monopole
we use f(r) = r2 and for the isoscalar dipole we adopt
the scattering operator f(r) = r3− (5/3)〈r2〉r. We empha-
size that our HF-based RPA calculations are fully self-
consistent (the spurious state mixing is negligible) [31].
The centroid energy of the GMR is obtained from
ER =
m1
m0
, (23)
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Fig. 1: Ratio of the energy E1 of the isoscalar giant-dipole
resonance to the energy E0 of the isoscalar giant-monopole
resonance for the nuclei 90Zr, 116Sn, 144Sm and 208Pb as
function of the damping parameter β obtained within the ﬂuid
dynamic approach with τ1→∞.
where mk is the energy-weighted sum:
mk =
∫ Emax
Emin
EkS(E)dE. (24)
The range of integration Emin to Emax depends on the
localization of the GMR.
We have evaluated the strength function S(E) [31]
within the self-consistent HF-based RPA using the
Skyrme-type eﬀective nucleon-nucleon interactions. We
point out that, in contrast with the ISGMR, which
contains a single peak, the dipole strength function
displays a low-lying part which lies below the ISGDR. We
have taken into account this fact using the range of inte-
gration Emin to Emax in (24) which includes the energy
distribution of the ISGDR (i.e., high-lying part of the
dipole strength function) only. Note that this is consistent
with our consideration of the ISGDR within the FDA.
The energies of the ISGMR and ISGDR can be
evaluated using the dispersion relation (13) augmented
by the secular equations (17) and (18). We stress that
an important ingredient of our calculations is that the
secular equations (17) and (18) for q are solved simulta-
neously and consistently with the dispersion equation (13)
for s because s also depends on q. We have carried out
numerical calculations within the FDA using the following
nuclear parameters: r0 = 1.12 fm and σ= 1.2MeV/fm
2.
The static incompressibility K for the ﬁnite nuclei is
A-dependent. It was determined from a ﬁt of the evalu-
ated ISGMR energy to the experimental one E0+,exp of
the giant-monopole resonance.
In the frequent-collision regime (a small β in eq. (6)),
the contribution to the sound velocity c0 from the Fermi
surface distortion eﬀect is washed out and both energies
E0 and E1 reach the ﬁrst sound limit, i.e., (E1/E0)FDA→
80 100 120 140 160 180 200 220
A
0
2
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Fig. 2: Dependence of the ISGMR width, Γ0, and the ISGDR
width, Γ1, on the mass number A. The FDA result is obtained
using the relaxation time of eq. (6) with β = 4.6MeV and
ξ = 0.59 for L= 0 and ξ = 0.21 for L= 1. The experimental
data is from refs. [4,5].
(E1/E0)LDM = 1.43. The ratio (E1/E0)FDA grows with
an increase of the relaxation time β and approaches the
zero sound limit for β. The transition from the zero to
the ﬁrst sound regime can be seen transparently in ﬁg. 1
where the ratio E1/E0 goes to the LDM limit at β→ 0
for several spherical nuclei: 90Zr, 116Sn, 144Sm and 208Pb.
The enhancement of the ratio (E1/E0)FDA with respect
to the LDM estimate is due to the fact that the Fermi
surface distortion eﬀect on the energy E0 of the lowest
monopole mode is relatively small and E0 appears close
to the prediction of the classical LDM. Since the ISGDR
appears as the overtone to the spurious mode, the Fermi
surface distortion eﬀect on the energy E1 is much stronger
and E1 is shifted to higher energies with respect to the
LDM prediction.
According to eqs. (9), (10) and (14), the position, ωR,
and the width, Γ = γq2, of the compression mode depend
on the relaxation time τeﬀ . In ﬁg. 2 we have plotted the
A-dependence of the width Γ= γq2 of the ISGMR,
Γ0, and the ISGDR, Γ1, as evaluated for the two-body
relaxation parameter β = 4.6MeV. Note that this value of
β is consistent with those deduced in other works [32,33].
In eq. (7), the one-body relaxation parameter ξ was
derived from a ﬁt of widths to the experimental data.
In ﬁg. 3 we show the dependence of the energy ratio
E1/E0 on the nuclear mass number A. Considering
the dependence of the FDA ratio (E1/E0)FDA on the
relaxation time τeﬀ , we ﬁnd a good agreement between
experimental data and the results of the FDA model
calculations (solid line 2) for the value of ξ ﬁtted to the
widths Γ0 and Γ1 from ﬁg. 2. We wish to emphasize that
it is conceptually important to achieve a description (on
average) of both the energy ratio E1/E0 (ﬁg. 3) and the
widths Γ0 and Γ1 (ﬁg. 2) simultaneously, i.e., by using a
common value for the relaxation parameters.
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Fig. 3: Dependence of the energy ratio E1/E0 on the nuclear
mass number A. The ratio (E1/E0)FDA is obtained within the
present FDA model with the relaxation parameter (see eq. (6))
β→∞ (solid line 1). The solid line 2 is the FDA calculation
with β and ξ from ﬁg. 2. The ratio (E1/E0)RPA (dashed line) is
from fully self-consistent HF-RPA calculations [31]. The dotted
line is the ratio (E1/E0)scaling for the scaling model from
eq. (25). The experimental ratio (E1/E0)exp is from refs. [4,5].
In ﬁg. 3 the ratio (E1/E0)FDA for the rare-collision
regime (solid line 1) was obtained using eqs. (13) and
(16) for the limit τeﬀ→∞, and (E1/E0)RPA is obtained
from the quantum HF-RPA calculations [31]. The ratio
(E1/E0)scaling (dotted line in ﬁg. 3) is obtained from the
scaling model of ref. [7], where
(E0)scaling = 
√
K
m〈r2〉 ,
(E1)scaling = 
√
7
3
K +(27/25)F
m〈r2〉 .
(25)
The ratios (E1/E0)RPA, (E1/E0)scaling and
(E1/E0)FDA in a rare-collision regime signiﬁcantly
exceed the LDM estimate (E1/E0)LDM and the exper-
imental data (E1/E0)exp = 1.6± 0.1 of refs. [4,5]. Note
that both ratios (E1/E0)FDA and (E1/E0)scaling have
diﬀerent asymptotic limits at K→∞. Namely, it can
be seen from eq. (9) that (E1/E0)FDA ≈ 1.43 if K→∞,
i.e., the Fermi-liquid drop ratio (E1/E0)FDA goes to the
liquid-drop model limit (E1/E0)LDM at K→∞, see also
ref. [12]. This fact is important from the point of view of
a consistent description of the compression modes within
the Fermi-liquid theory. It is well known, see [13], that
the zero sound velocity goes to the ﬁrst sound limit at
K→∞ and both energies E0 and E1 have to approach
the corresponding LDM predictions. In this respect, the
scaling model is incorrect because it predicts, see eq. (25),
(E1/E0)scaling =
√
7/3 at K→∞.
It has been shown earlier (see, for example, [16]) that
FDA approach is quite successful in describing the widths
of giant resonances. We add that this approach allows us to
assess the escape widths (particle decay widths) of giant
resonances as a result of the particle splash eﬀect [34].
Within the microscopic HF-based RPA approach, the
escape widths can be assessed by carrying out continuum-
RPA calculations [30]. For heavy nuclei, the values of
the escape widths are found to be about 10% of the
total widths, in agreement with experiment [25,26]. Since
the values of the escape widths are comparable to the
current experimental uncertainties in the values of the
total widths, we neglect the eﬀect of the escape widths
in the present work.
Our FDA calculations exhibit a non-monotonic
dependence of the widths Γ0 and Γ1 on the relaxation
time, which is a consequence of the memory eﬀect
(ω-dependence) in the friction coeﬃcient γ, see eqs. (9)
and (10). In the rare-collision regime the widths exhibit
the quantum behavior, Γ∼ 1/τeﬀ , while in the frequent-
collision regime they have the hydrodynamic behavior,
Γ∼ τeﬀ . An essential point is that both energies E0 and
E1 are monotonic functions of τeﬀ . Moreover, the ISGDR
energy E1 varies with τeﬀ much faster than the ISGMR
energy E0, and Γ1 is signiﬁcantly larger than Γ0.
We have carried out calculations of the centroid energies
of the ISGMR and the ISGDR within the microscopic HF-
based RPA and the semi-classical Fermi-liquid approach.
We have adopted a Fermi-liquid model with two essen-
tial features: i) the linearized kinetic equation is applied
to the nuclear interior, where the relatively small oscilla-
tions of the particle density take place; ii) the dynamics in
the surface layer of the nucleus is described by means of
the macroscopic boundary condition which is taken as a
condition for the balance of the forces on the free nuclear
surface. We demonstrated that one can obtain an agree-
ment with the experimental data on E1/E0 in the pres-
ence of relaxation processes. Besides the collisional width,
the experimentally observable widths of the ISGMR and
the ISGDR include the fragmentation width. Within our
semi-classical kinetic theory, this mechanism of resonance
spreading is considered an additional relaxation eﬀect
(one-body relaxation) due to the single-particle scattering
on the moving surface of the nucleus. Finally, we would like
to note that the semi-classical kinetic approach, used in
this article, is highly convenient for the study of the aver-
aged properties of the nuclear dynamics. This approach
provides information on the macroscopic characteristics
without detailed knowledge of the wave function of the
nucleus. Here the claim is to describe the general features
of collective excitations, such as the A-dependence of the
widths Γ0 and Γ1 and the ratio E1/E0 in a systematic
way, ignoring many quantum eﬀects, e.g., the shell struc-
ture eﬀects.
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